We study the dynamics of an isolated spike of radiation in superradiant regime. We show that conditions exist where the pulse moves with a group velocity larger than the velocity of light in vacuum and is followed by a pedestal resulting from a complex postsaturation dynamics. The tail is constituted by a train of subpulses with both transverse and longitudinal coherence and decaying amplitudes. We analyze the dynamical conditions leading to the formation of the main pulse and the tail. We study the correlation of the tail structure with the longitudinal phase space of the electrons, and provide a recipe to partially suppress this tail.
I. INTRODUCTION
Free-electron lasers (FELs) delivering brilliant VUV-Xray pulses with femtosecond temporal resolution are providing unique opportunities in the investigation of fast processes in physics, chemistry, and biology [1] [2] [3] [4] [5] [6] . These FELs typically operate in single pass, high gain regime; the electrons, interacting with the self-emitted radiation in a long undulator, are periodically modulated at the resonant wavelength and amplify exponentially the radiation with power folding length L g scaling inversely with the Pierce parameter ρ fel [7] . The power extracted at saturation is P s ∼ 1.6ρ fel P e , where P e ¼ γm 0 c 2 I p =e 0 is the power carried by the electron beam (e 0 and m 0 are electron charge and rest mass respectively, I p is the peak current and γ ¼ E b =m 0 c 2 is the relativistic factor of a beam of average energy E b ) [8] . The difference in the propagation velocities of the electrons and of the radiation (slippage) limits the gain bandwidth (GB) of the process. This imposes a lower limit to the pulse duration σ t ≃ l c =c, where l c ¼ λ 0 =ð4πρ fel Þ is known as cooperation length [9] , where λ 0 ¼ λ u ð1 þ K 2 Þ=2γ 2 is the resonant wavelength, and where λ u and K are the undulator period and root mean square (r.m.s.) strength respectively. Many scientific opportunities become accessible when the pulse duration is at the femtosecond level or even shorter, as resolving the ultrafast electron dynamics in charge-transfer processes in molecules [10] or resolving the structure of proteins that cannot be crystallized [11] ; some of these applications need a short pulse combined with a challenging large number of photons [12, 13] . We may roughly estimate the number of photons in a cooperation length at saturation as n ph ≈ ffiffiffiffiffi ffi 2π p σ t P s =ℏω 0 ≈ 27γI p ½Aðλ 0 ½ÅÞ 2 . At 1 Å, with a beam energy of 17 GeV and a peak current I p ¼ 4 kA (roughly the peak values for LCLS and XFEL), we have n ph ≈ 3.6 × 10 9 , i.e., about two orders of magnitude lower than the requirement for time resolved x-ray diffraction imaging of isolated molecules [12] . Several schemes to obtain femtosecond or sub-fs pulses were proposed and in some cases demonstrated [14] [15] [16] [17] [18] [19] [20] [21] . Regardless of the generation method, the challenge of increasing the FEL peak power of an isolated spike beyond the saturation limit P s requires a full understanding of saturation and post saturation dynamics. The post-saturation dynamics of a superradiant spike was first studied in [22, 23] . The field shows the features of a self-similar propagating wave, with peak power exceeding P s and duration shorter than l c =c. When the spike reaches saturation, the propagation velocity increases [24] , the spectrum of the radiation broadens and the time-bandwidth product grows for the formation of a pedestal with a complicated pattern in the tail of the pulse [25, 26] . In this paper, we investigate the dispersive properties of the modulated electron beam, showing that the pulse moves with a group velocity larger than the speed of light in vacuum, similar to other fast-light phenomena observed in media with anomalous dispersion [27] . We investigate the formation of the pulse tail structure and its correlation to the longitudinal phase space of the beam, providing a recipe to reduce the energy carried by the tail. This may have important practical implications, allowing a substantial reduction of the total pulse duration with a time-bandwidth product closer to the Fourier limit.
II. FEL DYNAMICAL EQUATIONS
The system is described by the coupled Maxwell-Lorentz equations in the slowly varying envelope approximation [23, 28] .
The electric field Eðz; tÞ is expressed in terms of a slowly varying variable aðz; tÞ ¼ Eðz; tÞe −iðk r z−ω r tÞ . The FEL power P fel is linked to a by the relation P fel ¼ jaj 2 ρ fel P e . The electron dynamics is coupled to the optical field a via the bunching factor bðζ; uÞ ¼ he −iθ j i n e j ζ;u , being n e the number of particles at the position (ζ; u). Each electron has ponderomotive phase and energy
, are the normalized beam position along the undulator and the relative particle position in a frame drifting with the average longitudinal velocity of the electron bunch cβ z ¼ cð1 − ð1 þ K 2 Þ=2γ 2 Þ. These equations can be solved perturbatively in small field regime [7, 29, 30] , strong field solutions were investigated including higher order components of the field [31] , with the Green function method in [32] , or by reduction of the nonlinear, partial differential equations to a set of self-similar equations in [33] , but none of these methods is capable of reproducing the entire details of the solution in deep saturation. We directly integrate Eq. (1) using a numerical approach relying on the code PERSEO [34] . We assume an ideal, uniformly distributed current with a null beam energy spread. The system of Eq. (1) is expressed in dimensionless units and depends only on the initial field aðζ; 0Þ and bunching factor bðζ; 0Þ. We trigger the formation of the isolated spike by setting the initial condition aðζ; 0Þ ¼ a 0 exp ½−ðζ − ζ 0 Þ 2 =4σ 2 ζ0 and we impose a "quiet start" to the particles distribution, i.e., bðζ; 0Þ ¼ 0 and ∂bðζ; 0Þ=∂u ¼ 0; this is equivalent to an FEL amplifier seeded by aðζ; 0Þ. A similar result would be reached by starting from aðζ; 0Þ ¼ 0 and by setting a non-null initial bunching factor bðζ; 0Þ. The condition σ ζ0 ¼ 1 corresponds to an initial r.m.s. pulse duration equal to l c =c, i.e., the minimum pulse duration supported by the bandwidth of the amplification from shotnoise to saturation in exponential gain regime. The cases characterized by the condition σ ζ0 < 1 share a similar postsaturation dynamics, as the exponential growth will produce a similar condition at the onset of saturation with σ ζ0 ≈ 1.
In Fig. 1 , the longitudinal profile of the radiation power vs the electron-beam coordinate ζ as it propagates along u is shown in two situations: starting from σ ζ0 ¼ 0.82 in panel (a) and σ ζ0 ¼ 5 in panel (b). The normalized initial field amplitude is a 0 ¼ 0.031 in both panels, and the intensity is normalized at each step in u.
At small u, the field first induces an energy modulation on the beam, then converted into density modulation by the undulator dispersion. This density modulation is the source term bðζ; uÞ in the second of Eq. (1). The limited gain bandwidth causes a growth of the pulse duration σ ζ ðuÞ ∼ ðσ 2 ζ0 þ ffiffi ffi 3 p u=18Þ 1 2
[35]; at saturation ðu ¼ u s ≈ 6Þ the duration is σ ζs ¼ σ ζ ðu s Þ and the pulse splits into two modes, the front one propagates over fresh electrons, the rear one interacts with the modulated beam carrying a larger energy spread. The behavior of this second mode depends on the ratio between the gain bandwidth and the pulse bandwidth, i.e., on σ ζ0 ⋛1. The regime σ ζ0 > 1, in Fig. 1(b) , was studied in [36] and was later proposed in a seeded FEL in combination with a chirped seed, to generate multiple pulses separated in frequency [37, 38] . When σ ζ0 < 1, the amplitude of the rear mode is reduced and the front mode duration is determined by the slippage distance covered by the light in a quarter of the synchrotron period. At the splitting, this condition corresponds to σ ζ ≈ σ ζs =2. The following evolution is characterized by a pulse duration decreasing as u −1=2 , and pulse peak power and energy, growing as u 2 and u 3=2 respectively [24, 25, 39] . 
III. PULSE PROPAGATION VELOCITY
The pulse propagation velocity is given by the slope v ¼ dζ=du of the field envelope in the plane (ζ; u). According to the definition, a point moving with velocity v in the space
in the coordinates z, t. The condition v L ¼ c is therefore equivalent to v ≃ 1. The change of slope at u ≈ 2, visible in Fig. 1(a) , corresponds to a threshold where the amplified field becomes larger then the initial seed and the observed propagation velocity reduces
as predicted by the theory [22] . The velocity changes again at saturation, where the pulse splits. Saturation occurs where the bunching is locally phase shifted by ∼π=2 with respect to the field. At u ¼ u s , where the peak of the pulse at ζ ¼ ζ s is saturated, the wings of the pulse (ζ > ζ s and ζ < ζ s ) where jaðζ; uÞj < ja s j are still growing in exponential regime. For u > u s , the peaks of the two modes delimit a saturated central region and their position is determined by the condition jaðζ; uÞj ¼ a s , where a s is the peak field at saturation. We have calculated the peak position of the leading and trailing modes, by approximating the field envelope at saturation with a Gaussian distribution still growing exponentially with u, and drifting in ζ with velocity v, i.e.,
The roots of jaðζ; uÞj ¼ a s are
and are shown as a white line in Fig. 1 . When σ ζ0 > 1, the amplification effect on the pulse profile before saturation is modest. After saturation only the pulse region between the two roots in Eq. (4) undergoes into a deep change. The front and rear wings, outside the saturated region, still preserve their original Gaussian shape and the function ζ AE ðuÞ, with v ¼ v e , reasonably matches the positions of the split peaks [ Fig. 1(b) , white line]. Conversely, for σ ζ0 < 1 at saturation [ Fig. 1(a) , white line], the effect of the slippage becomes dominant, the position of the front peak drifts with a velocity larger than v e and the pulse profile is distorted with a reduced rise time, reflecting the pulse shortening characteristic of superradiance. The pulse velocity in exponential gain regime is dominated by the propagation of the density modulated electron beam that amplifies the field. After saturation, the exponential amplification is suppressed, the radiation is actively modulating the beam and is only weakly modified by the interaction; the pulse velocity converges then to the velocity of light. The expression in Eq. (4) may therefore still reproduce the behavior of the front peak, by setting v ¼ 1 and by multiplying the pulse duration by a scaling factor reflecting the progressive pulse shortening effect, i.e.,
The value of the coefficient β depends on the value of σ ζ0 and varies in the range (0.25-0.30) for σ ζ0 ≲ 1.
Equation (5) reproduces the asymptotic behavior of the peak position with β ¼ 0.25 [ Fig. 1(a) , white dashed line], but also provides a peak propagation velocity d du ζ þc ðuÞ > 1, which converges to one only in the limit u → ∞.
In Fig. 2 we have plotted the velocity of the peak from the solution of Eq. (1) (red line), the velocity of the peak calculated from Eq. (4) (black line) and from Eq. (5) (black dashed line). After saturation, the velocity from the corrected Eq. (5) matches the theoretical peak velocity. The fact that the peak moves faster than the light in vacuum may be interpreted as the result of a change in shape of the pulse during evolution. In Fig. 2 we have also plotted the velocity of the energy "center of mass," also indicated as "centrovelocity" [40] for the entire pulse (blue line), and for the peak region only (green line). The latter is defined as the interval with an extension of two full-width at halfmaximum (f.w.h.m.) centred at the position of the peak. In both cases, we have an apparent propagation of energy at "superluminal" velocities over distances of several lengths l 1 . This may appear as a violation of the principle of relativity or of causality, but the energy is not effectively drifting over the electrons at "superluminal" speed, as the energy is uniformly stored as electron kinetick energy and what we observe is the conversion of electron kinetic energy into electromagnetic energy of the wave, combined with a change of shape of the electromagnetic energy distribution. The superluminarity is not violating any causality condition; it corresponds to a pulse shape distortion in an active medium [41] , where the leading edge propagates at v ¼ 1 and is actively modulating and dragging energy from the beam current, the trailing edge is instead out of phase with the induced modulation and decreases by returning part of its energy to the beam.
The pulse average velocity, blue line in Fig. 2 , shows periodic oscillations as a function of the coordinate u, suggesting a non trivial behavior of the beam diffraction index. In order to understand the properties of the saturated electron beam dispersive medium, we calculate the pulse group velocity from the phase evolution of the field, i.e.,
whereãðκ; uÞ ¼ R þ∞ −∞ exp ðiκζÞaðζ; uÞdζ is the Fourier transform of aðζ; uÞ.
In Fig. 3 the power spectrum jãðκ; uÞj 2 and the group velocity, versus the normalized wave-vector κ ¼ ðk − k 0 Þ= 2ρ fel k 0 , are shown for σ ζ0 ¼ 0.82 [as in Fig. 1(a) ]. During the exponential growth, the gain process filters the spectrum which narrows up to u ≈ 8. Here we have the formation of a broad background and a narrower redshifted structure. The white dashed lines in Fig. 3(b) delimit the region where most of the pulse energy flows. In agreement with the theory, we have v g ∼ 1=3 in exponential regime. At saturation, we observe a modulation of the group velocity as a function of the frequency, i.e., a modulation of the group velocity refractive index n g ¼ 1=v g , suggesting the existence of spectral regions of anomalous dispersion. The group velocity v g increases and becomes larger than one at the splitting position (u ¼ 7, Fig. 1 ). The radiation energy flows from spectral regions where v g > 1 to regions where v g < 1, corresponding to the discrete redshifts in the evolution of the spectrum. The condition for preserving the causality principle is that the "signal" velocity [40] , i.e., the "information" velocity, do not exceed the velocity of light in vacuum and in superradiance the "front" side of the pulse propagates at c. The consequence of this is the spectral broadening occurring after saturation, which reflects a progressive narrowing of the pulse coherence length. This contributes to clarify the questions raised in [39, 42] justifying the validity of the scaling relations of superradiance in FELs expressed in terms of the coordinate u given in [24] , i.e., peak power, pulse energy and duration proportional to u 2 , u 3=2 , and u −1=2 respectively.
In single pass FELs superluminal propagation occurs over few gain lengths and the longitudinal offset per gain length is of the order of the cooperation length. It is therefore not trivial to find an experimental evidence of this "superluminar" behavior. The situation is different in FEL oscillators where the optical cavity stacks optical pulses accumulating the offset over a large number of roundtrips. In FEL oscillators, the extraction efficiency depends on the cavity detuning δL from the perfect synchronism. This perfect synchronism corresponds to the condition where the cavity round-trip time matches the separation between electron bunches, which is given by a multiple of the period of the radio frequency. The maximum power extracted from a FEL oscillator in small gain regime, is expected at δL < 0 [30] . The small negative cavity detuning δL compensates for the delay induced by the gain refractive index. Super-radiance effects in high gain oscillators were predicted and observed at the upper extreme of the cavity tuning range, i.e., at δL ∼ 0 [43] [44] [45] . In the FEL oscillator experiment [46] , together with the FEL output power, the cavity length was accurately determined with interferometric methods. The experiment has shown that the FEL maximum efficiency was reached with the cavity detuning δL ¼ 0, and that the FEL was delivering power even at δL > 0. Despite the observed peak in efficiency, the lasing dynamics at δL ∼ 0 was affected by instability, as a consequence of noise injection which we may associate to the causality condition.
IV. PULSE STRUCTURE AND TAIL SUPPRESSION
We analyze the process in detail by inspecting the pulse structure in Fig. 4 , where we have a snapshot of the field of Fig. 1(a) at u ¼ 15. The field envelope (black line) assumes the shape of a self-similar solitary wave with a main peak in the leading edge (right side), followed by a sequence of secondary peaks. The number of these peaks depends on the saturation depth. Approximated expressions for the main peak were calculated in Refs. [32, 33] but these models were not suited to follow the nonlinear dynamics in the tail. The structure of the tail results from an interferential process where the relative phases of field and bunching lead to alternated emission and absorption processes. We may distinguish a total of six peaks in Fig. 4 ; the first three on the right side correspond to front side modes, and the three in the tail correspond to trailing modes that are not visible in Fig. 1(a) where the field intensity (and not the amplitude) is shown. The bunching factor (dashedorange) is high (jbj ≈ 0.5) in the entire pulse region. The amplitude asymmetry between the two sets of modes depends on the large slippage parameter, favoring the front side slipping on fresh electrons. On the broad range of the entire pulse, the phase (light green line) shows a quadratic behavior. On the leading edge, peaks (b), (d) the phase has a linear trend with a phase shift of ≈π occurring at the transitions between the subpulses, positions (c) and (e) (green dots and dark-green enhanced line). This is interpreted as the fact that the bunching induced by the main peak grows up to a maximum between (a) and (b) and after (b) drifts out of phase with the existing field. The field therefore decreases until it changes sign in (c). At this position in ζ, the bunched electrons have a phase mismatch of π with the field of the main peak [ Fig. 4(c) ] and produce a second peak with a π shift in phase. The same process is repeated in a new cycle between (d) and (e), but at every cycle the trapped fraction of the charge decreases because of the induced energy spread, and the amplitudes of the peaks decrease accordingly. These secondary pulses form a pedestal that has an extension approximately given by the distance between the two roots in Eq. (4), Δ ∼ ζ þc − ζ − . This distance can be significantly longer than the duration of the leading pulse and can carry a large fraction of the total pulse energy. In Fig. 5 we have plotted the duration of the pulse represented in Fig. 1(a) showing the field phase and the fraction of trapped electrons. The phase of the bunching factor b at each position is indicated by ϕ a;b;c;d;e ¼ ð1.65; 1.15; 0.33; 1.78; 0.85Þ respectively (vertical black-dashed lines). The blue-dashed line represents the field envelope in presence of tapered energy spread, according to the rule given in Eq. (7) , with α t ¼ 4%.
duration of the main peak; this fact has some relevance, as the measurement of the radiation spectrum is generally much simpler than the direct measurement of the pulse duration [47] . The entire pulse however, is far from the Fourier limit, and the reason is the existence of the long tail which would be a source of background and noise in a time resolved experiment.
In the example of Fig. 4 , black line, we have calculated the radiation energy of the tail E tail and the ratio w Δ ¼ E tail =E tot ≈ 23%, by defining the tail region as the interval from −∞ to the first minimum in (c). A Gaussian fit of the main peak has an r.m.s. duration of 0.44l c but the effective r.m.s. pulse duration, including the tail, is 1.76l c and the r.m.s. TBP is 2.06 (see Fig. 5 ). Energy chirp or undulator taper have a small effect on the energy content of the tail. The reason is that a change in resonance modifies the phase matching condition, varying the temporal structure of the sub-pulses, but not their average amplitudes. On the other hand, these subpulses are affected by the inhomogeneous broadening associated to beam energy spread. In Fig. 6 we have plotted the TBP, the fractional energy content of the tail w Δ and the relative reduction of the energy in the main peak, i.e., η ¼ E peak ðσ ϵ Þ=E peak ð0Þ as a function of the beam energy spread.
An induced energy spread σ e causes a reduction of the pulse energy and delays the onset of saturation, but it is also effective in reducing w Δ . A good compromise is found at σ e ≃ ρ fel =2 where w Δ ≈ 2.5% and the pulse energy in the main peak decreases by 1 − η ∼ 22%. A modest energy spread is not beneficial during exponential growth but only in the post saturation dynamics. We explored a condition where the energy spread on the beam is not uniform, but increases locally where the pulse drifts into saturation. This may be realized by, e.g., tapering the energy spread with a laser heater [48] , or by triggering the pulse growth at a specific position along the beam where it naturally slips into a larger energy spread region. We assumed a linear growth of the slice energy spread starting at saturation ζ ¼ ζ s , according to the following expression,
We explored the behavior of the system vs the parameter α t and the case corresponding to α t ¼ 4% is close to the optimum. It is indicated in Fig. 6 by the red dashed line, centered on the range spanned by the local value of the energy spread during the pulse evolution (red-arrow). In this case the tail suppression is larger, w Δ ≃ 2.1% and the r.m.s. pulse duration is reduced to 0.8l c , with a TBP ¼ 0.73. The energy loss in the main peak is 1 − η ∼ 19% with respect to the energy spread free case. A modest energy reduction could be compensated by an increase of the length of the post-saturation propagation distance. The associated field envelope is represented in Fig. 4 by the blue-dashed line.
We have summarized the values of the parameters η, w Δ and TBP in the three conditions: no energy spread/ optimum energy spread/tapered energy spread in Table I . FIG. 6. Effect of the beam energy spread σ ϵ on the relative energy in the main peak E loss (black circles), on the fractional tail energy w Δ (black triangles) and on the pulse r.m.s. time bandwidth product (blue squares). The red symbols represent the same parameters in presence of tapered energy spread according to the rule given in Eq. (7), with α t ¼ 4%. The red dashed line is centered on the range spanned by the local value of the energy spread during the pulse evolution. This range is indicated by the horizontal red-arrow. 
V. CONCLUSIONS
In conclusion, the superradiant spike dynamics was investigated finding conditions where the group velocity and the centrovelocity of the light become larger than c. The pulse structure and the structure of the tail was analyzed showing that a controlled energy spread could reduce the tail energy. We explored an ideal case, where the beam current and the beam energy longitudinal distributions are uniform. The pulse shape should be affected by a beam energy chirp or by a tapered undulator. A tailored taper could retard the phase mismatch occurring along the pulse and may be used to fine tune both the pulse energy and its duration. Advanced undulator taper techniques [49] have shown the possibility to extract a large fraction of the beam energy in a seeded FEL amplifier and should be investigated to control the post saturation dynamics of a single spike, one of the keys to extend the FEL performances to the level required by some of the most challenging applications.
